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Yoichiro Nambu put a great foot print in nuclear physics in the era of its fundamental
developments including his pioneering insight into essential ingredients of repulsive core
of nuclear force and its relation to the saturation of nuclear matter. The present review
article focuses onto recent developments of the interaction models between colliding
nuclei in terms of Brueckner’s G-matrix theory starting from realistic nuclear forces and
the saturation property of symmetric nuclear matter as well as neutron-star matter.
A recently proposed unique scenario of extracting the saturation property of nuclear
matter and stiffness of neutron stars through the analysis of nucleus-nucleus elastic
scattering in laboratories is presented in some detail.
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1. Introduction
Yoichiro Nambu put great foot prints in physics. The greatest achievement will be his genius
idea of spontaneous symmetry breaking (SSB) inspired by the BCS theory for the supercon-
ductivity in condensed matter. The famous Nambu-Jona-Lasinio (NJL) papers [1, 2] marked
a great milestone in particle and nuclear physics. The idea proposed in the NJL papers has
lead to the idea of dynamical breaking of chiral symmetry in Quantum Chromodynamics
(QCD) of the standard model and the original NJL model is now understood as a low-energy
effective theory of QCD of highly non-perturbative nature.
Since Nambu’s contributions to various fields in physics are reviewed by other authors in
the review articles for the present memorial symposium, this paper will be devoted to some
specific aspects of his contribution, particularly to the repulsive nature of nuclear force and
the saturation property of nuclear matter, and its related topics relevant to the saturation
property of nuclear matter probed by the nucleus-nucleus scattering will be presented.
To be more specific, we introduce a recently proposed unique scenario of extracting impor-
tant information about the saturation property of nuclear matter and the stiffness of neutron
stars through the analysis of nucleus-nucleus elastic scattering in laboratories. Key ingredi-
ents of the scenario are the short-range repulsive three-body forces that acts among nucleons
and baryons in nuclear and neutron-star matter. The idea is that the unknown strength of
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the three-body force can be fixed quite precisely through the analyses of elastic scattering
experiments in laboratories by the latest microscopic theory for interactions between finite
nuclear systems.
The neutron stars J1614-2230 [3] and J0348-0432 [4] have brought great impacts on
the maximum-mass problem, observed masses of which are (1.97 ± 0.04)M⊙ and (2.01
± 0.04)M⊙, respectively, much larger than what was observed before, say, (1.4 ∼ 1.5)M⊙.
These large masses have added a severe condition for the stiffness of the equation of state
(EOS) of neutron-star matter, that serves a great challenge to nuclear physics.
In order to clarify the implication of the scenario, we briefly review a microscopic theory
of interaction between finite nuclei, called the double-folding model (DFM) and the Brueck-
ner’s G-matrix theory, that are the keys to connect the infinite nuclear matter, including
the baryonic matter in neutron stars, and the nucleus-nucleus scattering experiments in lab-
oratories. To this end, we first present a brief history of the theoretical study of effective
nucleon-nucleon (NN) interaction in nuclear medium derived from the Brueckner’s G-matrix
theory and its application in constructing the nucleus-nucleus interactions in terms of various
types of the DFMs.
2. Basic property of finite nuclei
Before discussing the latest status of the effective interactions and its application to the
nucleus-nucleus scattering and the saturation of nuclear matter, we first depict the basic
property of atomic nuclei.
2.1. Nuclear force and repulsive core
The origin of the “nuclear force” (or the nucleon-nucleon (NN) interaction) that sustain
protons and neutrons in forming an atomic nucleus having an extremely small size of radius
less than 10−14 m = 10 fm was first proposed by Hideki Yukawa [5] as the exchange of
a pion (pi meson) between nucleons (the one-pion exchange OPE). The OPE is known to
generate the most outside (long-range) part of the nuclear force because of the light mass
of the exchanged pion, mpi ≃ 140 MeV, with the so-called Yukawa tail ∼ e−mpir/r of the
nuclear force. The nuclear force has a more strong attraction in the middle range (0.5 ∼ 1.0
fm) region that is now understood by the exchange of heavier mesons such as σ, ω and ρ
mesons as well as by the exchange of multi pions.
In addition to the attraction in the middle and long-range parts of the nuclear force, a
series of experimental measurements of nucleon-nucleon scattering at high energies indicate
the existence of a strong repulsion at short distances less than about 0.5 fm. The simplest
version of the repulsive part of nuclear force is the so-called hard core of an infinite strength,
that was first introduced phenomenologically by Jastrow in 1950 [6] to explain the nucleon-
nucleon scattering experiments at high energies. To date, various types of the repulsive core,
either of the hard-core type or the soft-core one, have been implemented in realistic nuclear
force models widely used in nuclear structure and reaction studies, although the origin of
the short-range repulsive core has long been unsettled.
One of the pioneering work for a possible origin of the short-range core of the nuclear force
was made by Nambu who proposed a vector meson called the omega (ω) meson in 1957 [7] as
a possible source of the repulsive core, in addition to the source of the attraction in the middle
range of the nuclear force. The pioneering work by Nambu on the origin of the repulsive core
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was followed by various types of quark models [8, 9] but it is only recently that a milestone of
understanding the origin of the nuclear force, including the repulsive core, is marked in the
epoch-making work by Ishii and his collaborators [10] with the first-principle calculations
based on QCD, the standard model for strong interaction. They derived the radial shape
and strength of nuclear force in the lattice QCD calculations that well reproduce the basic
properties of nuclear force, not only in the qualitative level but also in quantitative level,
derived from the meson-exchange mechanism supplemented by a phenomenological repulsive
core at short distances.
2.2. Nuclear force and saturation of nuclear matter
The nuclear radius observed in various experiments is found to be proportional to the cubic
root of the mass number A(= Z +N), R ≃ r0 ×A1/3, which implies that nuclear volume
V = 4piR3/3 is proportional to A and, hence, the average nucleon density in the nucleus
ρ = A/V = 3/(4pir30) is approximately constant, irrespective of the mass number A of nuclei.
The constant value ρ0 ≃ 0.17 fm−3 is called as the saturation density. The mass of an atomic
nucleus, M(Z,N), with an atomic number Z and a neutron number N defines the binding
energy of the nucleus by B(Z,N) =
(
Zmp +Nmn −M(Z,N)
)
c2, mp and mn being the
mass of a proton and a neutron respectively. The experimental measurement of nuclear
masses shows that the binding energy per nucleon E¯ = B(Z,N)/A has an almost constant
value of E¯ ≃ 8± 0.5 MeV irrespective of the number of nucleons in nuclei, that is called the
saturation of binding energy in atomic nuclei. This indicates that the total binding energy
of a nucleus is approximately proportional to its mass number A (and hence to its volume
V ) as B(Z,N) ≈ aV ×A MeV.
The saturation of the nucleon density and that of the binding energy per nucleon in
atomic nuclei are closely related to the nature of nuclear force, particularly of its short-
range nature and the existence of the short-range repulsive core. From the following intuitive
consideration, it is easily understood that saturation of the binding energy per nucleon is a
direct consequence of the saturation of nucleon density in nuclei and the short-ranged nature
of the nuclear force.
First of all, one should note that the maximum range of the nuclear force of about 1.5 ∼ 2.0
fm is approximately the same order of the mean distance between nucleons in atomic nuclei
evaluated from the saturation density of ρ0 ≃ 0.17 fm−3. Because of the constant nucleon
density in a nucleus (except in the region near nuclear surface), the number of nucleons
surrounding a nucleon in the uniform nuclear matter is also constant. This indicates that
the binding energy for a nucleon by its surrounding nucleons in the uniform nuclear matter
must be almost constant because the nuclear force is of short-range nature and does not act
beyond the neighboring nucleons. In other words, the total binding energy of nucleons in
a nucleus should be proportional to the number of nucleons (mass number A) that is also
proportional to the nuclear volume because V ∝ R3 ∝ A. This term of the binding energy
is then called the volume term.
One might expect that the proportional constant aV of the volume term would be identified
with the measured constant value of the binding energy per nucleon, aV ≈ E¯ ≃ 8± 0.5 MeV.
However, this is not true at all and the measured constant value 8± 0.5 MeV is known to
be a consequence of large corrections due to the finiteness of nuclei (or the effect of surface
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tension), the Coulomb energy and the symmetry energy originating from the difference of
neutron and proton number in a nucleus, all of which are the correction for reducing the
binding energy. Subtracting those correction terms, the genuine volume term of the binding
energy per nucleon is found to be aV ≃ 16 MeV in the symmetric nuclear matter of infinite
extension in space, namely having no surface. The binding energy per nucleon E¯ ≃ 16 MeV
is called the saturation energy of the symmetric nuclear matter.
The saturation of the nucleon density and that of the binding energy per nucleon in
atomic nuclei suggest the existence of a fundamental origin of sustaining the atomic nuclei
in their size and binding and of preventing the nuclei from shrinkage or collapse due to
the strong attraction of nuclear force. It is the short-range repulsion of the nuclear force
that is one of the candidates of the origin of the saturation mentioned above. However, the
short-range repulsion itself of the nuclear force between two interacting nucleons, namely
the two-body repulsion, is not sufficient for explaining the saturation property observed in
nuclear experiments as well as explaining the maximum mass of neutron stars M ∼= 2M⊙
obtained from the latest astronomical observations [3, 4]. It will be discussed as a major
subject of the present paper that the effect of many-body forces of repulsive nature plays a
decisive role to realize the saturation of nuclear matter as well as of the neutron-star matter.
3. Effective interaction in nuclear medium
Understanding the nuclear structure and reactions microscopically starting from the basic
nucleon-nucleon (NN) interaction has been the fundamental and major subject in nuclear
physics. The basic properties of NN interaction in free space, say its shape, strength and
their spin-isospin dependence, are well understood phenomenologically from the observed
properties of a deuteron, that is the only bound state of the two nucleon system, and from
NN scattering experiments at wide-range of scattering energies with various spin orientations
of colliding nucleons. A number of theoretical models for the NN interaction in free space
were also proposed, ranging from purely phenomenological models to those based on various
meson theories and quark models. A recent derivation of the nuclear force in terms of the first-
principle lattice QCD calculation [10] based on the standard model for the strong interaction
QCD marks a milestone of understanding the nuclear force, as mentioned in Introduction.
However, it should be emphasized that the interaction between nucleons in nuclei is not
equivalent to that in free space and is strongly modified by the surrounding nucleons. This
is called the medium effect or, in other words, the many-body effect. The NN interaction
modified in the nuclear medium is called the effective NN interaction.
3.1. Brueckner’s G-matrix and saturation properties of nuclear matter
The Brueckner’s G-matrix theory [11, 12] is one of the most successful theories for handling
the short-range correlation (SRC) of the bare NN interaction and generating an effective
NN interaction in nuclear medium. In the G-matrix theory, a pair of nucleons are embedded
in infinite nuclear matter with a uniform nucleon density and one solves the “two-body”
Schro¨dinger equation, called the Bethe-Goldstone equation,(
Tˆ1 + Tˆ2 + U1 + U1 −E
)
ψ = Qˆ v12 ψ (1)
with the Pauli-blocking operator Qˆ that prevents the interacting two nucleons from sitting
in the states already occupied by other nucleons of the surrounding nuclear matter. In other
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words, the interacting nucleon pair are virtually excited to unoccupied highly exited states
in the intermediate states in the series of the ladder diagrams under the effect of Pauli
blocking by the occupied nucleons in nuclear matter. This implies that the motion of the
pair nucleons are strongly restricted, though indirectly, by the surrounding nucleons through
the Pauli-blocking operator Q, paticularly at high density nuclear matter. In this sense, the
medium effect is interpreted as the many-body effect.
Let us consider a pair of nucleons in momentum space, one being a bound nucleon with
momentum p (in the unit of ~) in nuclear matter with the Fermi momentum kF and the
other being an incoming nucleon with momentum k, where |p| < kF and |k| > kF in the
initial states before the interaction. It is noted that the Fermi momentum kF is proportional
to the qubic square of the uniform density ρ of the nuclear matter, kF ∝ ρ1/3. Relative and
center-of-mass momenta are given as kr = (k − p)/2 and Kc = k + p, respectively. With a
NN interaction V , the G-matrix equation giving the scattering of the pair in the medium is
represented as
G(ω) = V +
∑
q1,q2
V
Q(q1, q2)
ω − e(q1)− e(q2) + iεG(ω) , (2)
where e(q) is a single particle (s.p.) energy in an intermediate state with momentum q, and
Q(q1, q2) is the above-mentioned Pauli blocking operator defined by
Q(q1, q2) |q1, q2〉 =
{
|q1, q2〉 if q1, q2 > kF ,
0 otherwise .
(3)
The starting energy ω is given as a sum of the energy E(k) of the propagating nucleon and
the single-particle (s.p.) energy e(p) = ~
2
2mp
2 + U(p, e(p)) of a bound nucleon [13].
The G-matrix calculations are often performed with the so-called continuous choice for
intermediate nucleon spectra, playing an essential role especially for imaginary parts of
G-matrices. This choice means that s.p. energies
e(q) =
~
2
2m
q2 + U(q, e(q)) (4)
are calculated self-consistently not only for bound states (q ≤ kF ) but also for intermediate
states (q > kF ). The scattering boundary condition iε in the dominator leads to complex G-
matrices, summation of which gives the complex s.p. potential U(q, e(q)). The plausible way
is to use this self-consistent complex potential in G-matrix equation (2). Avoiding numerical
complexities in such a procedure, however, its real part UR(q) = ReU(q, e(q)) is usually used
in the self-consistency process [14–18].
The G-matrix also depends on the NN interaction model in free space V adopted in the
calculation, because of the difference in the properties of central, spin-orbit and tensor forces
and their spin-isospin dependence as well as in the off-energy-shell properties, although all
of them reproduce more or less the basic properties of two nucleon systems, both in the
bound state (deuteron) and scattering states observed in experiments. (One should note
that experimental data of the two-body NN system give us only information of the on-energy
shell because of the energy conservation of the two-body system.)
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3.2. Saturation curves and stiffness of symmetric nuclear matter
The single-particle energy in nuclear matter is calculated in the Brueckner-Hartree-Fock
(BHF) framework with the use of the G-matrix interaction. This is nothing but the binding
energy of a nucleon in nuclear matter, that corresponds to the volume term of the binding
energy per nucleon E¯ = E/A in a finite nucleus. The single-particle energy depends on the
density ρ of the nuclear matter and the curve of E¯(ρ) as a function of ρ is called the saturation
curve of the symmetric nuclear matter. (An illustrative example is shown in Fig. 1. ) The
saturation curve should have a minimum value E¯0 at a certain value of the density ρ0 and
the point (E¯0, ρ0) in the two-dimensional E¯ − ρ plane is called the saturation point and
the values of E¯0 and ρ0 are called as the saturation energy and the saturation density of
the symmetric nuclear matter. The systematic observation of the r.m.s. radii of stable nuclei
existing in nature suggests the saturation density to be about ρ0 ≃ 0.17 fm−3 and the volume
term of the mass formula for finite nuclei gives the value of saturation energy of E¯0 ≃ −16
MeV. Thus, the saturation point that should be reproduced by any satisfactory theories is
the so-called empirical saturation point, (E¯0, ρ0) = (−16 MeV, 0.17 fm−3).
The history of the study of effective interactions and the saturation curve for symmetric
nuclear matter tells us that it is impossible to reproduce the saturation point by any effective
interactions evaluated from the non-relativistic G-matrix calculations starting from various
kinds of NN-interaction models as long as only the two-body NN interaction is taken into
account in the calculation. Each model gives a saturation point apart from the empirical one
and it is known that the evaluated saturation points lie along an almost straight line called
the Coester line [19] that passes by the empirical saturation point with non-negligible amount
of distance. Thus, it is one of the fundamental subjects in nuclear physics to reproduce the
saturation point in symmetric nuclear matter. A key is the role of the many-body forces in a
dense nuclear matter. As will be shown later, the introduction of three-body and four-body
forces that act among three or four nucleons simultaneously at high-density nuclear matter
0 0.1 0.2 0.3 0.4
−20
−10
0
10
20
30
saturation curve for 
symmetric nuclear matter
ρ ( fm −3 )
E 
/ A
 (M
eV
)
empirical saturation point
with 3−body force
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Fig. 1: An illustrative image of saturation curves in the symmetric nuclear matter (NM).
The introduction of three-body forces makes the NM stiffer at high densities.
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can resolve the problem. Within the non-relativistic framework, it is inevitable to introduce
such many-body forces to reproduce the correct saturation point.
In addition to the saturation point, the shape of the saturation curve is also important for
understanding the dynamical properties of nuclear matter with the variation of its density.
It is also an important subject to investigate the static and dynamic response of nuclear
matter at high densities well above the saturation density (ρ≫ ρ0) under the high pressure
of gravity in high-density neutron stars. The second derivative of the saturation curve gives
a measure of the stiffness of the nuclear matter. The incompressibility KSNM of the nuclear
matter is defined by the second derivative of E¯ with respect to ρ at the saturation density
ρ = ρ0, as KSNM = 9ρ
2
0
d2E¯
dρ2
∣∣∣∣
ρ0
. A number of efforts have been made to fix the KSNM value
through various experimental information of finite nuclei or nuclear reactions, such as the
measurements of excitation energies of giant monopole resonance (GMR) or high-energy
heavy-ion (HI) collisions. Those experiments suggest rather large values of KSNM range
from about 200 MeV to 300 MeV. Those values are much larger than those predicted by
the G-matrix calculations with only the NN two-body force, since most of such G-matrix
calculations give KSNM ≤ 100 MeV. This fact also suggests a need of introducing some
additional repulsive effects, such as the three-body force of a repulsive nature, although the
evaluated values of KSNM ≈ 200 MeV ∼ 300 MeV are far from conclusive for determining
the precise stiffness of the symmetric nuclear matter and discussing the detail properties of
such an additional repulsive effect.
Besides the KSNM value, what is more important is the shape of the saturation curve
itself, particularly at higher densities beyond the saturation density ρ≫ ρ0, since the KSNM
gives only the curvature of the saturation curve at or near the saturation density ρ ∼= ρ0 by
definition. It only provides us an information about the stiffness of the symmetric nuclear
matter near the saturation density. Thus, it is quite important to obtain information about
the stiffness of nuclear matter at densities much larger than the saturation value, say, for
example, ρ > 2ρ0 ∼ 5ρ0. This is just the region where one expect to the high-density nuclear
matter to be realized inside the neutron star, though it is the neutron matter rather than
the symmetric nuclear matter. It is one of the important goals of nuclear physics to predict
reliable saturation curves both of symmetric nuclear matter as well as the neutron matter
over the wide range of nucleon density including the high-density region of neutron-star
matter.
In the following, we will see a recent challenge to determine the strength of the three-body
and four-body force effects of repulsive nature through the precise analyses of nucleus-nucleus
elastic scattering in laboratories. The nucleus-nucleus interactions are derived microscopi-
cally from modern G-matrix effective NN interactions with the three-body and four-body
force effects included. This makes it possible to directly discuss the stiffness of high-density
nuclear matter as well as that of the neutron stars in the context of the effects of three-body
and four-body forces that can be probed and tested by nucleus-nucleus elastic scattering in
laboratories on the Earth.
4. Microscopic models for interaction between finite nuclei
It is one of the important subjects in nuclear physics to understand the interactions between
complex nuclei consisting of nucleons microscopically starting from the bare NN interaction
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in free space. In constructing the nucleon-nucleus and nucleus-nucleus interactions starting
from the bare NN interaction having a strong short-range repulsive core, one have to correctly
handle the short-range correlation (SRC) originated from the short-range repulsive core of
the NN interaction. This is equivalent, in princile, to exactly solve the many-body dynamics
in full model space up to extremely high excitation energies, that is almost impossible to
perform in practice except for few-body systems consisting of nucleons at most A ≃ 8.
One of the alternative ways of handling the SRC between interacting nucleons in nuclear
many-body systems is to introduce an effective NN interaction that contains the SRC effec-
tively in the multiple-scattering framework, such as the T -matrix, R-matrix and G-matrix
interactions. The short-range singularities in the free-space NN interaction are smoothed out
in those effective interactions.
4.1. G-matrix folding model with local-density approximation
The Brueckner’s G-matrix is one of the simplest but reliable effective NN interaction that
includes all the ladder diagrams of the NN interaction with the medium effect by surrounding
nucleons in nuclear matter being taken into account. This implies that the SRC induces the
virtual excitations of the interacting NN pair into high-energy states outside the Fermi
sphere and its effect is included, within the nuclear-matter approximation, in the resultant
G-matrix effective NN interaction. The G-matrix is then interpreted as an effective NN
interaction in the “cold” or “frozen” nuclear matter of a uniform nucleon density. This is
the basis of the idea of the folding models discussed below for constructing nucleon-nucleus
or nucleus-nucleus interaction potentials in terms of the G-matrix. In the folding model, the
G-matrix is folded over the nucleon-density distributions of the interacting finite nuclear
systems in their ground states.
Since the G-matrix vNN is evaluated in the nuclear matter of a uniform constant density,
the evaluated G-matrix depends on the nucleon density ρ of the nuclear matter. Because of
the finite size of the nucleus, the environment, or the local density, for an interacting nucleon
pair embedded in finite nuclear systems changes rapidly with the spatial positions where the
nucleon pair exist. Thus, the folding model adopts the local density approximation (LDA),
in which the uniform density of the nuclear matter for evaluating the G-matrix is assumed
to be the same as the local density at the spatial positions of the interacting nucleons in
finite nuclei. In other words, we use the different strength of the G-matrix depending on
the local density at the positions of interacting nucleons in finite nuclei in calculating the
nuclear potential in the folding model. The G-matrix also depends on the starting energy ω,
that corresponds to the incident energy per nucleon, E/A, in the case of the nucleus-nucleus
scattering.
4.2. Optical potential and folding model with complex G-matrix
The G-matrix is real for bound states because both interacting nucleons are bound inside
the Fermi sphere in the initial and finial states of interaction, although they can be excited
virtually to continuum states outside the Fermi sphere in the intermediate stages of the
interaction. This kind of real G-matrix are widely used in various nuclear-structure calcu-
lations. On the other hand, the G-matrix derived under the scattering boundary condition
becomes complex because both of the interacting nucleons can be excited to continuum
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(scattering) states outside the Fermi sphere in the final states of the interaction. In the
nucleus-nucleus scattering, for example, the interacting nucleon pair, one in the projectile
nucleus and the other in the target one, is in their relative scattering states. Thus, the
G-matrix becomes complex and the complex G-matrix should be used in constructing the
nucleus-nucleus potential microscopically by the folding model. In fact, the nucleon-nucleus
or nucleus-nucleus potential evaluated phenomenologically from the elastic-scattering experi-
ment is known to be a complex potential called the optical potential. The optical potential is
a complex potential having real and imaginary parts, each of which is assumed to have
a simple geometrical functional form, such as the three-parameter Woods-Saxson form;
f(R) = −V0/[1 + exp ((R −R0)/a0)], and the parameter values of the real and imaginary
parts are to be optimized so that the angular distribution of the elastic-scattering cross
section calculated with the optical potential reproduces that of the experimentally observed
elastic-scattering cross section.
The imaginary part of the optical potential represents the loss of flux from the elastic-
scattering channel. In the nucleon-nucleus or nucleus-nucleus collision, many kinds of nuclear
reactions take place and some fraction of the incident flux, that initially comes into the
entrance channel (i.e. to the elastic-scattering channel), escapes from the entrance elastic-
scattering channel to non-elastic reaction channels, such as inelastic scattering and various
kinds of rearrangement, breakup and fusion reactions, etc. The flux loss can be represented
approximately by the imaginary part of the interaction potential.
The complex folding-model potential obtained from the complex G-matrix is a promising
candidate of the microscopic interaction model for explaining the complex optical potentials
derived phenomenologically from the nucleon-nucleus or nucleus-nucleus elastic-scattering
experiments, that will be shown below in some detail.
In the following sections, we will concentrate our discussion to the double-folding model
(DFM) for constructing interaction potentials for nucleus-nucleus systems. This is because
the nucleus-nucleus scattering is one of the ideal tools for probing the saturation property of
nuclear matter at high densities beyond the saturation density, say up to twice the normal
density ρ ∼ 2ρ0. Combining the theoretical analyses of the nucleus-nucleus scattering by the
DFM and the BHF study of the saturation curves of the nuclear matter and the neutron-star
matter using a common G-matrix, it will be made possible to determine unknown strength
of the three-body force (or many-body forces, in general) very accurately and to discuss
directly the so-called “maximum-mass problem on neutron stars” together with the stiffness
of nuclear matter and neutron stars.
5. Double-folding model with G-matrix interactions
In the case of the nucleus-nucleus system, the folding-model potential can be written as a
Hartree-Fock type potential;
UF =
∑
i∈P, j∈T
[< ij|vD|ij > + < ij|vEX|ji >] ≡ UD + UEX, (5)
where vD and vEX are the direct and exchange parts of the G-matrix vNN, while < ij|vD|ij >
and < ij|vEX|ij > represent the matrix elements of the direct and knock-on exchange parts,
respectively, of the G-matrix interaction. Here, |ij > denotes the direct product of the
ground-state wave functions ΨP and ΨT of the interacting nuclei; i.e. |ij >= |ΨP ⊗ΨT >.
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Fig. 2: Definitions of the coordinates appearing the Eq. 6 for calculating the direct part of
the DFM potential between projectile nucleus (P) and the target one (T).
The microscopic nucleus-nucleus potential of the Hartree-Fock type potential with the G-
matrix effective NN interaction defined in Eq. 5 is equivalent to the double-folding-model
(DFM) potential with the density-dependent effective interaction.
The direct part of the Hartree-Fock type potential is rewritten in the double-folding type
integration where the direct part of the G-matrix vD is doubly folded over the nucleon
densities of the interacting nuclei, P (projectile) and T (target), as
UD(R) =
∫
ρ P(r1)ρ T(r2)vD(s; ρ,E/A)dr1dr2. (6)
Here, R is the relative coordinate between the centers of mass of the interacting nuclei P and
T and s ≡ R+ r1 − r2 is the relative coordinate between a nucleon at the spatial position
r1 with respect to the center of mass (c.m.) of the nucleus P and another nucleon at the
spatial position r2 with respect to the c.m. of the nucleus T. They interact with each other
though the direct part of the G-matrix, vD (see Fig. 2). The nucleon densities of the nuclei
P and T are defined as
ρ P(r1) =
〈
ΨP
∣∣∣ AP∑
i∈P
δ(r1 − ri)
∣∣∣ ΨP〉 , (7)
ρT(r2) =
〈
ΨT
∣∣∣ AT∑
j∈T
δ(r2 − rj)
∣∣∣ ΨT〉 , (8)
where AP and AT are the mass numbers of the nucleus P and the nucleus T, respectively. In
Eq. 6, the direct part of the G-matrix vD depends on the local density ρ. In the present DFM
calculation, the local density is defined by the sum of the densities of P and T, as ρ = ρP + ρT
evaluated at the individual positions or the mid-point of the interacting nucleons, as will be
discussed in more detail in the following subsection. This prescription for evaluating the local
density is called as the frozen-density approximation (FDA) and widely used in most DFM
calculations [20–23]. The FDA is also used in evaluating the local density in calculating the
exchange part below.
The exchange part of the DFM potential is a non-local potential in principle but is known
to be approximated in good accuracy by the following local-potential form of the so-called
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“Brieva-Rook type” [14–16];
UEX(R) =
∫
ρP (r1, r1 + s)ρT (r2, r2 − s)vEX(s; ρ,E/A)
× exp
[
ik(R) · s
M
]
dr1dr2. (9)
Here, k(R) is the local momentum for the nucleus-nucleus relative motion defined by
k2(R) =
2mM
~2
[Ec.m. − ReUF(R)− Vcoul(R)], (10)
where,M = APAT/(AP +AT), Ec.m. is the center-of-mass energy, E/A is the incident energy
per nucleon, m is the nucleon mass and Vcoul is the Coulomb potential.
The exchange part is calculated self-consistently on the basis of the local-energy approxi-
mation through Eq. (10). Here, the Coulomb potential Vcoul is also obtained by folding the
NN Coulomb potential with the proton density distributions of the projectile and target
nuclei. The density matrix ρ(r, r′) is approximated in the same manner as in [24];
ρ(r, r′) =
3
keffF · s
j1(k
eff
F · s) ρ
(r + r′
2
)
, (11)
where keffF is the effective Fermi momentum [25] defined by
keffF =
[
(3pi2ρ)2/3 +
5Cs[∇ρ2]
3ρ2
+
5∇2ρ
36ρ
]1/2
, (12)
where Cs = 1/4 following Ref. [26]. The detail methods for calculating UD (direct part) and
UEX (exchange part) are the same as those given in Ref. [27] and [28], respectively.
5.1. Frozen-density approximation
One have to define the local density ρ at which the strength of the G-matrix is evaluated
in the DFM calculations. In the nucleus-nucleus system, there are several prescriptions of
defining the local density ρ that defines the nuclear environment for the interacting nucleon
pair embedded in the colliding nucleus-nucleus system.
One is the average prescription, in which the local density is defined by the average, either
the geometric average or the arithmetic one, of the local densities corresponding to the
individual positions of the interacting nucleon pair;
ρ =
1
2
(
ρP(r1) + ρT(r2)
)
or ρ =
√
ρP(r1) ρT(r2) , (13)
or, alternatively, the average of the local densities corresponding to the mid-point of the
positions of the interacting nucleon pair.
Another prescription, that is widely adopted in most DFM calculations, is the sum of the
local densities corresponding to the individual positions of the interacting nucleon pair
ρ = ρP(r1) + ρT(r2) , (14)
or, alternatively, to the mid-point of the nucleons;
ρ = ρP
(
r1 − 12s
)
+ ρT
(
r2 +
1
2s
)
, (15)
both of which are called the frozen-density approximation (FDA). In FDA, the interacting
nucleon pair is assumed to feel the local density defined as the sum of densities of colliding
nuclei.
11/26
The difference between the two prescriptions, the “average” and the “sum” (FDA), become
significant when two nuclei come close to each other with a substantial overlap of the two
density distributions. In the case of FDA, the local density can reach to the sum of the
central densities of the interacting nuclei that is close to twice the saturation density, say
ρ ≈ ρP(0) + ρT(0) ≈ 2ρ0. On the other hand, the local density does not exceed the saturation
density ρ ≤ ρ0 in the average prescription.
One might postulate the average prescription to be more reasonable than the FDA because
of the saturation of nucleon density in finite nuclei and might require that the local density
should not exceed the saturation density ρ ≤ ρ0 even when two nuclei come close to each
other at very short distances. However, the strict condition that the local density ρ should
not exceed the saturation density ρ0 of the “stable” nuclei implies that two stable nuclei
in their ground states cannot heavily overlap to each other in coordinate space. Otherwise
either or both of the interacting nuclei are forced to be excited to highly excited states to
fulfill the Pauli Principle. In other words, the strict condition, ρ ≤ ρ0, inevitably leads to
a strong rearrangements of nucleon configurations among the two interacting nuclei when
they come close to short distances. This implies that most of the incident flux is removed
from the elastic-scattering channel to non-elastic reaction channels. In practice, these kinds
of dynamic reaction processes may occur with high probabilities in high-energy HI collisions
and almost all incident flux will be lost from the elastic-scattering channel.
Such kind of hard collision, where the incident flux is completely removed from the elastic
channel to the reaction channels, corresponds to the so-called shadow scattering that is
the quantum-mechanical elastic scattering by a black-body target. In the case of shadow-
scattering, all the information about the internal region of the interaction potential between
colliding nuclei are completely lost and no refractive scattering due to the attractive real
potential should not be observed in elastic scattering. In fact, in many cases, the elastic
scattering between complex nuclei are dominated by the strong absorption due to a huge
number of non-elastic reactions occurring, when two nuclei come close to each other, and the
elastic-scattering cross section often shows a typical characteristics of the strong absorption.
In such cases, there is no hope to get any information about interaction potentials at short
distances and the prescriptions for defining the local density, either average or sum, are not
relevant to the elastic-scattering observables.
However, it is often the case that experimental data for elastic scattering of light HIs, such
as the 16O + 16O and 12C+12C systems at intermediate energies, show characteristic angular
distributions typical to the refractive scattering generated by the attractive real potential
at short distances that strongly participates in the elastic scattering cross section at large
scattering angles [29]. This indicates that the HI elastic scattering can probe an important
information about the strength of interaction potential at very short distances [29, 30] where
two nuclei, both kept staying in their ground states, come close to each other at very short
distances. This implies that there exist non-negligible probability of two interacting nuclei
being kept in the ground state at short relative distances [31], where the local density should
be a simple sum of the undisturbed densities of the individual nuclei in their ground states
that can reach to twice the saturation density ρ ∼ 2ρ0.
Of course, it is natural to expect that major part of the incident flux are removed from the
elastic-scattering channel to various non-elastic reaction channels. However, the refractive
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scattering widely observed in experiments clearly tells us that the incident flux is not com-
pletely removed from the elastic-scattering channel and there remains, though only a tiny
fraction, the elastic-scattering component of the wave function for relative motion between
the interacting nuclei at very short distances. The elastic-scattering experiments can probe
such a tiny but non-negligible component of high-local density region that carries a quite
valuable information about the high-density nuclear matter.
Nowadays, the superiority of FDA (defined by Eqs. (14) and (15)) over the average pre-
scription (defined by Eqs. (13)) has been made clear through experimental and theoretical
analyses of a number of such refractive scattering of light HI systems [21, 26, 28, 32, 33].
The average prescription largely overestimates the strength of the real potential at short dis-
tance and one needs to introduce an artificial renormalization factor for strongly reducing
the real-potential strength so evaluated in order to reproduce the elastic-scattering exper-
iments. On the other hand, no renormalization to the real potential evaluated with FDA
is essentially required. Thus, it is widely recognized that FDA is the best prescription for
defining the local density to be used in the DFM calculation of HI potentials, as long as one
uses the reliable, realistic density-dependent effective interactions [22, 23, 26, 34, 35] such as
the G-matrices [23]. Therefore, we adopt the FDA in the calculation of DFM potential with
the G-matrix throughout the following discussions.
6. A brief history of DFM studies of the HI scattering
The first successful DFM for constructing the nucleus-nucleus potentials was the M3Y folding
model proposed by Satchler and Love in 1970s and its achievements in those days were
summarized in a review article [33]. The M3Y (Michigan 3-range Yukawa) interaction [36] is
a kind of G-matrix represented by a linear combination of the three-range Yukawa functions.
It has no density dependence and has only the real part. Thus, the M3Y-folding model only
generates the real part of the nucleus-nucleus potentials. Despite the simpleness of the M3Y
interaction, the DFM with the M3Y interaction was quite successful in the application to
analyzing the low-energy HI scattering and marked a milestone in the study of microscopic
theory for nucleus-nucleus interaction in those days.
However, it was soon recognized that the low-energy HI scattering was only sensitive to
the surface part of the potential in most cases. The “success” of the M3Y folding model
thus meant that it only gave a reasonable strength of the real part of HI potentials around
the spatial region where two nuclei just touch their surfaces keeping a large relative dis-
tance between their centers of mass. This implies that no meaningful information about the
strength and shape of the potential at short distances was obtained by the limited success
of the M3Y folding model.
Since then, it took 30 years to mark a really important another milestone in the study
of microscopic theory for predicting reliable complex nucleus-nucleus interaction, that was
marked by Furumoto, Yamamoto and the present author in 2008 ∼ 2009 [13, 23, 37]. The
new interaction model has been quite successful in reproducing almost all existing data for
HI scattering at incident energies per nucleon of E/A ≈ 30 ∼ 200 MeV [23, 38] and can be
applied to any HI scattering system over the wide range of incident energies up to E/A ≈ 400
MeV and any combinations of projectile and target nuclei in the nuclear chart as long as the
nucleon density is available. For the sake of further global use of the successful interaction
model, they have proposed a global optical potential based on the microscopic folding model
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that is applicable to any combinations of the nucleus-nucleus systems at any incident energy
within the range of E/A = 30 ∼ 400 MeV [38].
What is more important is that they unveil the decisive roles of the many-body forces,
particularly of the three-body force of repulsive nature. The many-body forces play impor-
tant roles both in predicting the strength and the shape of the nucleus-nucleus potential at
short relative distances as well as in determining the stiffness of nuclear matter, namely the
shape of the saturation curve particularly in the high-density side beyond the saturation
density (cf. Fig.1).
Before presenting the latest achievements, we briefly review a history of the development
of the folding-model studies of HI scattering in some detail.
6.1. M3Y and DDM3Y interactions
6.1.1. M3Y interaction. The M3Y interaction is a real interaction having no imaginary
part and has a very weak energy dependence. Hence, the DFM potential calculated with the
M3Y interaction is a real potential and it has to be supplemented by a phenomenological
imaginary potential when applied to the analyses of HI scattering experiments [33].
The M3Y interaction is composed of a sum of three-range Yukawa potentials. The strengths
of the individual range of the Yukawa potential was fixed so that the matrix elements of
the M3Y interaction reproduced the real-part strength of the original G-matrix evaluated
at a certain low value of the nuclear matter density, say about one third of the saturation
density ρ ≈ 13ρ0. The M3Y is the real potential because it was originally designed for the
application to nuclear-structure studies and later it was applied to the construction of the
real part of nucleus-nucleus potentials to be used in the study of HI scattering. More over,
the exchange part of the simplest version of the M3Y interaction is approximated by a zero-
range potential of the δ-function form that makes the DFM calculation of the exchange part
extremely simple as in the case of the direct part.
These simplifications make the originally complicated numerical calculation of the DFM
potentials (Eqs. (6) ∼ (12)) quite light and easily accessible by anyone who was not an expert
in this research area. Despite a drastic simplification, the DFM with the M3Y interaction
has been quite successful in applications to the HI scattering at relatively lower energies, say
the incident energy per nucleon E/A being less than about 25 ∼ 30 MeV [33].
Figure 3 show an example of the DFM potential calculated with the M3Y interaction and
its application to the analysis of elastic scattering of the 16O + 16O system at Elab = 350
MeV (E/A ≃ 22 MeV). The dashed curve on the left panel shows the real DFM potential
calculated with the M3Y interaction. The potential is multiplied by a renormalization factor
of 1.026, just a 2.6% modification of the original strength, that is chosen to make a fine
tuning of fit to the data. The result is shown by the dashed curve in the right panel [21].
It is seen that the M3Y interaction produces very deep real potential, its central depth
reaching to 500 MeV. The real potential obtained by the M3Y folding supplemented by a
phenomenological imaginary potential (though not displayed in the figure) produces the
elastic-scattering cross section that reproduces the experimental data quite well except
for those at extremely large scattering angles θc.m. ≥ 50◦. The characteristic shape of the
observed angular distribution of the experimental data, a rapid oscillation at small angles
followed by a smooth fall off up to ∼ 50◦ is well reproduced by the calculation (the dashed
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curve). The same quality of fits to other experimental data have also been achieved in low-
energy HI scattering based of the DFM potential derived from the M3Y interaction [33].
The modifications of the DFM potential strength required to attain the best fits to the data
are known to be of the order of ±10%, that may indicate an acceptable level of “success” of
the model [33].
6.1.2. DDM3Y interaction. It is known that the low-energy HI scattering, in most cases, is
dominated by the strong absorption of incident flux to a huge number of non-elastic reaction
channels, as mentioned before, and the elastic-scattering cross sections at most scattering
angles are not sensitive to the depth or shape of the real potential at short distances less than
the grazing distance (or so-called strong-absorption radius). Therefore, it is rather difficult
to probe the short-range part of the HI potential by the low-energy HI scattering.
For example, the calculated cross sections shown by the solid curve in the right panel of
Fig. 3 are obtained with the potential shown by the solid curve in the left panel (labeled
by “DDM3Y-ZR”) that is much shallower than the potential given by the M3Y interaction
(shown by the dashed curve), particularly at short distances.
The shallower potential is obtained by the so-called DDM3Y interaction [20, 39] that is
a density-dependent (DD) version of the M3Y interaction obtained from the original M3Y
interaction g(s, E¯) multiplied by a density-dependent factor f(ρ, E¯) as
vDDM3Y(s, ρ, E¯) = g(s, E¯) f(ρ, E¯). (16)
Here E¯ ≡ E/A. The DDM3Y interaction itself is not directly derived from any realistic
G-matrix but the density-dependent factor is taken to be a suitable functional form, such as
f(ρ, E¯) = C(E¯)
(
1 + α(E¯) e−β(E¯)ρ
)
. (17)
The parameters C(E¯), α(E¯), β(E¯) of the density-dependent factor were determined at each
energy so that the volume integral of vDDM3Y(s, ρ, E¯) matches the volume integral of the real
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Fig. 3: (Left): The DFM real potential for the 16O + 16O scattering at Elab = 350 MeV
calculated with the use of the M3Y (dashed curve) and DDM3Y (solid curve) interactions,
that is compared with the phenomenological potential (Kondo-A potential: dotted curve).
(Right): The cross section for 16O + 16O elastic scattering at Elab = 350 MeV calculated
by the DFM potential with the M3Y (dashed curve) and DDM3Y (solid curve) interactions,
compared with the experimental data. The figures are taken from Ref. [21]
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part of a suitable G-matrix for various density ρ of the nuclear matter [20]. The local density
ρ is evaluated in the prescription of FDA as ρ = ρP + ρT. The effect of density dependence
is quite significant at small distances between the interacting nuclei, as seen by the large
reduction from the dashed curve (M3Y) to the solid one (DDM3Y) in the left panel of Fig. 3.
It is now surprising that the two very different potentials give almost the same cross
sections over the entire range of scattering angles where the experimental data exist. The
difference only comes to appear at the largest scattering angles over θc.m. ≈ 50◦ where the
solid curve keeps following the experimental data points while the dashed curve does not. It
should be noted that the potential derived from the DDM3Y interaction becomes close to
that derived from the M3Y around the nuclear surface region R ≥ 6 fm. This implies that
the cross sections at small and middle angles up to θc.m. ≈ 50◦ is only sensitive to the tail
part (R ≥ 6 fm in the present case) of the real potential. In other words, the potential depth
inside the nuclear surface, say R ≤ 5 fm is not relevant at all to generating the characteristic
angular distribution at angles less than θc.m. ≈ 50◦. Namely, only cross sections at extremely
backward angles (θc.m. ≥ 50◦ in the present case) can probe the spatial region where two
potentials have significant difference shown in the left panel of Fig. 3.
The scattering of light heavy ions at intermediate energies above E/A ≥ 50 ∼ 100 MeV
becomes rather transparent and displays a refractive nature generated by the strongly attrac-
tive real potential at short distances. The HI scattering at those energies becomes very
sensitive to the shape and strength of the real potential at small separation where two
nuclei strongly overlap to each other. In such situations, the density dependence of the effec-
tive interaction becomes important and the scattering experiments may be able to probe
meaningful information about the high-density nuclear matter.
6.2. DFM with complex G-matrix: CEG07 and MP interactions
The DDM3Y interaction was first applied to the nuclear rainbow phenomena in α-particle
scattering [39], being the typical refractive scattering by the effects of attractive real poten-
tials, and later it has widely been applied to various kinds of the HI scattering [40] with
considerable success. However, the DDM3Y interaction has only the real part and the
generated DFM potential becomes also real. Hence, the real DFM potential has to be sup-
plemented by a phenomenological imaginary potential in practical analyses of HI-scattering
experiments as in the case of M3Y. Moreover, another serious problem is that the density
dependence of the DDM3Y interaction is just introduced by hand as a density-dependent
factor f(ρ, E¯) which is simply multiplied by the original M3Y interaction as in Eqs. (16)
and (17) and has no fundamental theoretical background, particularly in the high-density
domain above the saturation density. For a correct understanding of the nucleus-nucleus
interactions to be used in nuclear-reaction studies from the microscopic view point, it is
strongly expected to construct a reliable complex G-matrix having a density dependence
that properly represents the medium effects in nuclear matter for nucleon densities up to
twice the saturation density.
Some attempts to construct the complex G-matrix to be used in nuclear reaction studies
were made in late 70s to early 80s by several groups. The typical one is the work by Oxford
group led by Brieva and Rook [14–16] and another is the work by Miyazaki group led by
Nagata [17, 18]. Individual groups constructed their original complex and density-dependent
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G-matrix effective NN interactions to be used in calculating the complex optical potential
for nucleon-nucleus elastic scattering by the folding model. They were successfully applied to
the proton-nucleus elastic scattering at low to intermediate energies. Those effective interac-
tions, however, were only applicable to nucleon-nucleus systems because they were evaluated
at nuclear-matter density only up to the saturation value ρ0 and, hence, could not be appli-
cable to nucleus-nucleus systems. Another problem was that those effective interactions were
generated by a very prototype NN-interaction models in free space, such as the Hamada-
Jonston type potential [41]. This resulted in too small binding energies in nuclear matter
less than one half of the empirical value of E¯ ∼= −16 MeV in the BHF calculation with those
G-matrices.
To overcome those problems in the pioneering works, an ideal complex G-matrix has
recently be proposed by Furumoto, Yamamoto and the present author. They have marked
another important milestone and have established one of the most reliable microscopic inter-
action models to date for nucleus-nucleus reaction systems on the firm theoretical base
starting from the free-space NN interaction. It is a complex, density-dependent G-matrix
evaluated by a latest elaborated NN interaction model in free space. The G-matrix is appli-
cable to the local density up to twice the saturation density and to the HI reactions at the
energy per nucleon E/A ranging from 30 ∼ 400 MeV.
The new complex G-matrix is named as the CEG07 [42] (Complex Effective potential with
Gaussian form factors 2007) that was derived from a modern NN interaction model in
free space called the ESC04 (Extended Soft-Core model 2004) [43, 44]. This is an improved
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version of the original CEG83 and CEG86 interactions proposed 30 years ago by Miyazaki
group [17, 18]. The ESC04 is designed to give a consistent description of the interactions
not only for the NN system but also for nucleon-hyperon (NY) and hyperon-hyperon (YY)
systems in the SU3 framework. Therefore, the theoretical framework for CEG07 can easily
extended to calculate the effective interactions for NY and YY systems in nucleon-hyperon
mixed matter, such as those expected in neutron stars. It can also be applied to the study
of hyperon-nucleus interaction both in the bound state (hyper nucleus) as well as in the
scattering states [45].
6.3. Roles of three-body force in nucleus-nucleus scattering
As is discussed above, the empirical saturation point cannot be reproduced by the lowest-
order Brueckner theory (the G-matrix approximation), as long as one only uses the two-
body NN interaction whatever the two-body NN interaction is. This is also true in the
case of the CEG07 G-matrix generated by the two-body force alone (which is called as
CEG07a type). This deficiency can be corrected clearly by introducing the three-nucleon
force (3NF) composed of the three-body attraction (TBA) and the three-body repulsion
(TBR) [46–48]. The TBA is typically due to the two-pion exchange with excitation of an
intermediate ∆ resonance, that is the famous Fujita-Miyazawa diagram [49]. An effective two-
body interaction was derived from the TBA according to the formalism given in Ref. [50]
and was added on the CEG07 G-matrix. The attractive 3NF effect is known to give an
important contribution at low densities. However, the contribution of TBA alone does not
resolve the problem of the saturation point.
The role of the TBR is far more important than that of the TBA [13]. The TBR contri-
bution becomes more and more remarkable as the density becomes higher, which plays a
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decisive role for the shape of the saturation curve. It is well known that such a TBR effect is
indispensable to obtain the stiff equation-of-state (EOS) of the neutron-star matter assur-
ing the observed maximum mass of neutron stars. However, the origin of the TBR is not
necessarily established. In the ESC approach, the TBR-like effects are represented rather
phenomenologically as the density-dependent two-body interactions induced by changing the
vector-meson masses MV in nuclear matter according to MV (ρ) =MV exp(−αV ρ) with the
parameter αV . As mentioned in Ref. [44], this TBR-like contribution introduced in ESC is
found to be very similar to that of the phenomenological TBR proposed in Ref. [46] given
as the density-dependent two-body repulsion. The CEG07 interaction supplemented with
the attractive (TBA) and repulsiv (TBR) three-body force is called as the CEG07b and
CEG07c interactions. (The detailed difference between CEG07b and CEG07c was given in
Ref. [13, 23].)
The CEG07 models were first successfully applied to the analysis of proton-nucleus elastic
scattering over a wide range of incident energies and target nuclei [13] and later to the
analyses of elastic scattering of nucleus-nucleus systems with great success [23, 37, 38, 51].
It was also applied to the analyses of nucleus-nucleus inelastic scattering [52–55] with the
microscopic coupled-channel formalism in which not only the diagonal potentials but also
the coupling potentials that induce inelastic excitations of the colliding nuclei were obtained
with the CEG07 G-matrix with the 3NF effects included.
Figures 4 and 5 show typical examples that indicate the decisive role of the 3NF,
particularly of its repulsive component TBR, on the calculated DFM potentials and elastic-
scattering cross sections in the case of 16O + 16O elastic scattering at E/A = 70 MeV and
12C + 12C one at E/A = 135 MeV, respectively. The dotted curves in Fig. 4 show the DFM
potential calculated with the CEG07a G-matrix that contain no 3NF effect, while the dashed
and solid curves are the results with CEG07b and CEG07c both inluding the 3NF effects.
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It is clearly seen that the 3NF strongly reduces the real potential strength in the spatial
range of middle and short separations between the interacting nuclei where the local density
defined by FDA (i.e. ρ = ρP + ρT) exceeds the saturation density ρ0. The 3NF effect on the
imaginary part of the DFM potential is not so significant.
Figure 5 shows the elastic scattering cross sections calculated with the use of the DFM
potentials shown in Fig. 4. The solid (CEG07b) and dashed (CEG07c) curves are the results
with the 3NF effects that precisely reproduce the experimental data in whole angular range.
The large deviation of the dotted curves (CEG07a), that include no 3NF effect, clearly
indicates the important role of the 3NF effect.
It should be noted that, for each scattering system, the imaginary part of the DFM poten-
tial is multiplied by a common renormalization factor presented in the figures (NW = 0.7
for 16O + 16O system and NW = 0.5 for
12C + 12C one) in calculating the cross section,
where the NW value is chosen so to optimize the fit of the solid curve to the experimental
data. The same NW is used to all the three-kinds of calculations in each scattering system.
One might suspect that the large difference between the dotted curve and the other two
curves could be compensated by using a more large NW value. In fact, the use of the larger
NW values drastically reduces the cross section at backward angles. However, it gives the
angular slopes that completely different from those of the other two calculations with 3NF
effects, as shown in Fig. 6 [23]. Thus, the large difference between the dotted curve and the
other two curves really reflects the large difference of the real part of DFM potential that
originates from the 3NF effects.
These results clearly indicate that the elastic scattering of these light HI systems at inter-
mediate energy is quite transparent enough to probe the difference of the depth and shape
of the real potential at short distances, where the local density evaluated by the FDA can
exceed the saturation value and the medium effect, particularly the 3NF effect, play an
important role. In other words, it will be possible to fix some unknown parameter values
relevant to the medium effects, such as the strength of 3NF, at high densities through the
theoretical analyses of the experimental data of HI elastic scattering based on the present
microscopic interaction model.
7. Multi-Pomeron repulsion and the neutron-star mass
The main subject of the present last section is to introduce the scenario recently proposed
by Yamamoto et al. [56] who have connected the nucleus-nucleus scattering experiments in
laboratories on the Earth and the maximum mass of neutron stars in the Universe obtained
from the astronomical observations via the MPP interaction model. We will briefly review
their recent studies of investigating whether or not the maximum mass of 2M⊙ could be
obtained from the EOS for hyperon-mixed neutron-star matter, when the effects of the
three-body and four-body repulsion among the nucleons and hyperons are taken into account.
It has been made clear that elastic scattering of light HI systems such as the 16O + 16O
and 12C + 12C systems at intermediate energies around E/A ≈ 100 MeV is very transparent
and quite sensitive to the strength and shape of the real potential at short distances. The
DFM potential with the GEG07b with the 3NF effect well reproduces the experimental data
of elastic-scattering cross sections. The effect of 3NF, particularly its repulsive component,
plays a crucial role in the proper evaluation of the interaction potential between finite nuclei
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at short distances where the local density exceeds the saturation value ρ0 or reaches up to
twice the saturation value ρ ∼= 2ρ0. This implies that the elastic scattering can probe the
medium effect of strong interaction in dense nuclear matter. This may open up a new window
of studying the properties of infinite nuclear matter as well as neutron-star matter through
the theoretical analyses of nucleus-nucleus elastic scattering in laboratories on the basis of
the Brueckner’s G-matrix theory and the BHF framework.
As mentioned in the introduction, the recent astronomical observations of the maximum
mass of neutron star of twice the solar mass, (1.97 ± 0.04)M⊙ [3] and (2.01 ± 0.04)M⊙[4],
imposes a severe condition for the stiffness of the equation of motion (EOS) of the neutron-
star matter. This suggests the existence of strong repulsive 3NF for sustaining such a large
neutron-star mass, since it is known that the maximum mass evaluated by any BHF calcu-
lations with only the NN two-nucleon force (2NF) cannot exceed ∼ 1.5M⊙. On the other
hand, the hyperon (Y) mixing in neutron-star matter, that is expected to be switched on
around the neutron density of ρ ≈ (2 ∼ 3)ρ0, is known to bring about a remarkable softening
of the EOS, which cancels the effect of repulsive 3NF effect for the maximum mass [57–60].
One of the ideas to avoid this serious problem, called “Hyperon puzzle in neutron stars”, is
to consider that the 3NF-like repulsions work universally for YNN, YYN, YYY , as well as
for NNN that was proposed by Nishizaki, Yamamoto and Takatsuka [59].
The repulsive component of the 3NF adopted in the CEG07b and CEG07c type G-matrices
was introduced rather phenomenologically in the form of density-dependent effective 2NF
and its parameter was determined so that the saturation curve reproduced the empirical
saturation point. Such phenomenological model for the repulsive 3NF is not necessarily
suitable for being extended to be used as the universal three-baryon force (3BF) among
nucleons and hyperons. As a possible candidate for such universal repulsion among multi-
baryon systems, themulti-pomeron exchange potential (MPP) [61] was introduced as a model
of universal repulsions among three and four baryons on the basis of the Extended Soft Core
(ESC) baryon-baryon interaction model, that is the bare NN interaction model in free space
used in the construction of the CEG07-type G-matrices.
7.1. Pomeron-exchange model for many-body force
The pomeron is a virtual particle that simulates the multi-gluon exchange among baryons
and thought of as being related to an even number of gluon-exchanges. It is a kind
of substantial particle closely related to the strong repulsive core in the baryon-baryon
interactions.
Recently, the multi-pomeron-exchange potential (MPP) model has been proposed by
Rijken, Yamamoto and their collaborators [56, 61, 62] that represents the repulsive com-
ponent of the three-body and four-body potentials among three and four baryons including
nucleons and hyperons. In the MPP model, the three- and four-body local potentials are
derived from the triple- and quartic-Pomeron vertexes. In order to be implemented into the
BHF calculation for the EOS of baryonic matters, the many-body forces are represented by
the density (ρ) dependent two-body potential in a baryonic medium. It is obtained by inte-
grating over coordinates of third (and fourth) particles in the three-body (and four-body)
potentials as follows [62]:
V
(N)
eff (x1,x2) = ρ
N−2
NM
∫
dx3 · · ·
∫
dxNV (x1,x2, · · ·,xN ), (18)
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where V (x1,x2, · · ·,xN ) is the N -body local potential by Pomeron exchange. In the case of
N = 3 (three-body) and N = 4 (four-body), the effective ρ-dependent potentials have the
following forms;
V
(3)
eff (r) = g
(3)
P
(
gNP
)3 ρ
M5
F (r), (19)
V
(4)
eff (r) = g
(4)
P
(
gNP
)4 ρ2
M8
F (r), (20)
F (r) =
1
4pi
4√
pi
(mP√
2
)3
exp
(
−1
2
m2P r
2
)
. (21)
Here, mP and g
N
P are the pomeron mass and the two-body pomeron strength, that are taken
to be same as those in ESC model for 2NF, and the scale mass M is taken as a pomeron
mass.
The MPP strengths g
(3)
P and g
(4)
P are unknown parameters that will be determined so that
the experimental data are precisely reproduced with the DFM potential derived from the G-
matrix including MPP. Namely, theG-matrix folding potentials including MPP contributions
are used to analyze the 16O + 16O scattering at E/A = 70 MeV and the strengths of MPP
(g
(3)
P and g
(4)
P ) are adjusted so as to reproduce the experimental data.
Figure 7 shows the results. In those calculations, the bare NN interaction ESC04 in free
space has been replaced by the latest improved version called ESC08. The dot-dashed curve
are the result with the 2NF only that largely deviate from the experimental data, while
other three curves include the many-body forces based on the MPP model. The dotted curve
(MPb) includes up to the 3NF, while the solid (MPa+) and dashed (MPa) curves include
both the 3NF and 4NF contributions. In the latter three curves, the MPP strengths g
(3)
P and
g
(4)
P are determined so as to reproduce the data [56]. It should be noted that, in contrast
with the DFM analyses with the CEG07 interactions, no renormalization is required to the
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Fig. 7: Differential cross sections for 16O + 16O elastic scattering at E/A = 70 MeV calculated
with the G-matrix folding potentials. Dot-dashed curve is the result with only the 2BF. Solid,
dashed and dotted curves are for MPa, MPa+ and MPb, respectively. No renormalization in
made on the imaginary part of the DFM potentials. The figure is taken from Ref. [56]
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imaginary part of the DFM potentials (i.e. NW is fixed at 1.0) to attain the satisfactory fits
to the data shown in the figure.
7.2. Stiffness of Neutron-star matter fixed by nucleus-nucleus scattering
The MPP interactions, the strength of which were determined from the analysis of nucleus-
nucleus scattering, are then included in constructing the EOS of neutron-star matter as
well as the symmetric nuclear matter and it is examined whether they result in an EOS
stiff enough to give the observed large neutron-star mass [3, 4]. It should be noted that the
MPP is defined so as to work universally not only in NNN states but also YNN, YYN, and
YYY states with the common parameters fixed by the analysis of nucleus-nucleus scattering.
Therefore, there is no additional free parameter for the interaction model. Corresponding to
the determined MPP, the attractive component of 3NF (TNA) is added to reproduce the
nuclear saturation property precisely. Since TNA is important mainly in the lower density
region, the addition of TNA does not lead to any additional ambiguity in the following
discussion about the stiffness of hadronic matter in high density region.
Figure 8 shows the obtained results for the saturation curves for the symmetric nuclear
matter as well as for pure neutron matter [56]. The upper curves are for the neutron matter
and the lower curves are for the symmetric nuclear matter. The solid, dashed and dotted
curves are the result obtained with the MPa, MPa+ and MPb interactions, respectively. The
box shows the empirical value of saturation point. The inset shows a zoom of the region
around the saturation point for the symmetric nuclear matter. It is seen that the inclusion
of the quartic-pomeron exchanges contributions (in MPa and MPa+) in addition to the
triple-pomeron exchange stiffen the saturation curve in the high density region in both the
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Fig. 8: Energy per particle (E/A) as a function of nucleon density ρ. The Upper (lower)
curves are for neutron matter (symmetric nuclear matter). The Solid, dashed and dotted
curves are for MPa, MPa+ and MPb, respectively. The box shows the empirical saturation
point. The inset shows a zoom of the region around the saturation point. The figure is taken
from Ref. [56]
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symmetric nuclear matter and neutron matter. This is because the strengths of the effective
two-body interaction derived from quartic-pomeron exchanges are proportional to ρ2 (cf.
Eq. (21)) and the contribution become sizable in the high-density region.
The final step is to study properties of neutron stars with and without hyperon mixing on
the basis of these multi-baryon interaction model.
Assuming a mixed matter of n, p, e− and µ− in chemical equilibrium, the TOV equation
is solved for the hydrostatic structure of a spherical non-rotating star [56]. The obtained
mass-radius relations of neutron stars without hyperon mixing taken into account are demon-
strated in the left panel of Fig. 9 . The solid, dashed and dotted curves are for MPa, MPa+
and MPb, respectively. It is seen that the EOSs in these cases are found to be stiff enough to
give 2M⊙. The above differences appear significantly in the inner regions of
16O + 16O DFM
potentials in the inner region, though they cannot be seen in the cross sections in Fig. 7. It
should be noted that the calculation with the 2NF alone leads to too soft EOS to give 2M⊙,
though not shown here.
However, the hyperon mixing will be set on when the neutron density becomes as high as
(2 ∼ 3)×M⊙, that will be expected to soften the EOS substantially. The EOS of β-stable
neutron-star matter composed of neutrons (n), protons (p+), electrons (e−), muons (µ−), and
hyperons (Λ and Σ−) is derived from the G-matrix calculation with the present interaction
model. Using the EOS of hyperonic neuron-star matter, the Tolmann-Oppenheimer-Volkoff
(TOV) equation for the hydrostatic structure is solved and the mass-radius relations of
neutron stars is obtained [56]. The results are shown in the right panel of Fig. 9.
Calculated values of maximum masses for MPa+, MPa and MPb are 2.07M⊙, 1.94M⊙
and 1.83M⊙, respectively, being smaller by 0.61M⊙, 0.51M⊙ and 0.35M⊙, than the values
without hyperon mixing. Although the universal repulsion works to raise the maximum mass,
the hyperon mixing also is enhanced by it so that the maximum mass is reduced.
The maximum mass for MPb is considerably smaller than the observed value of ∼ 2M⊙.
On the other hand, those for MPa and MPa+ reach to this value owing to the four-body
repulsive contributions.
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Fig. 9: Neutron-star masses as a function of the radius R. Solid, dashed and dotted curves
are for MPa, MPa+ and MPb. All the calculations in the right panel include the effect of
hyperon mixing, while those in the left panel are calculated for pure neutron matter without
the hyperon mixing. The horizontal dotted lines show the observed mass (1.97 ± 0.04)M⊙
of J1614-2230. The figures are taken from Ref. [56]
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8. Concluding remark
Nuclear physics provide an unique play ground to survey the properties of dense hadronic
matter including those in neutron stars in the Universe. Precise measurements of refractive
nucleus-nucleus scattering in laboratories on the Earth give us a quite valuable information
about the high-density nuclear matter and provide a useful test ground of the effective
interactions in high-density baryonic matter that act not only between two nucleons (NN)
but also those among triple and quartic baryons (BBB). The key bridge to connect the
nuclear experiment in laboratories and the baryonic matter in the universe is the modern
theories of the effective interaction in many fermion systems. The new Brueckner’s G-matrix
constructed with the latest models for bare NN interaction in free space together with the
recently developed many-body forces effective in high-density baryonic matter is a promising
candidate for the bridge.
I should like to dedicate the present review article to the memory of late Professor Yoichiro
Nambu.
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